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Abstract

An analytical approach for the determination of the response of a single circular cylindrical pile subjected
to a lateral dynamic load is presented[ The kinetic and the potential energies of the pile!foundation system
are minimized by variational principle to obtain the governing _eld equations of the pile!foundation system
along with the appropriate boundary conditions[ A non!dimensional parameter g\ associated with the
characteristics of the pile\ the foundation and the loading is used to represent the elastic medium[ This
parameter g can be determined by using an iterative procedure[ The classical _nite di}erence method is used
to solve the governing _eld equations of the pile!foundation system[ The validation of the proposed model
is demonstrated by applying to several published _eld pile load tests[ Parametric studies with regard to the
frequency response of the pile head and the resonant frequency of the pile!foundation system are presented[
Þ 0888 Elsevier Science Ltd[ All rights reserved[

0[ Introduction

Lateral vibration of piles is an important consideration in the design of piled structures subject
to dynamic excitations due to earthquake\ wind\ operation of machines and waves in o}shore
environments[ In the past two decades\ various models have been used to take the soil!pile
interaction in the dynamic response analysis of pile foundations[ Among those\ Winkler models
are the simplest and numerically most e.cient ones[ In Winkler models\ the soil is viewed as
distributed springs and dashpots that are constant or frequency dependent or as lumped springs
concentrated at a _nite number of nodes[ The spring constants are obtained from analytical
considerations or from experimental data[ The major advantages of this approach lies in its ability
to simulate nonlinearity\ inhomogeneity\ and hysteretic degradation of the soil surrounding the
pile by simply changing the spring and dashpot constants[ The Matlock "or Penzien# model
"Matlock et al[\ 0867# and the Novak model "Novak\ 0863# may be classi_ed as the conventional
Winkler models often used in the dynamic response analysis of pile foundations\ while the Nogami
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model "Nogami et al[\ 0877^ 0880# is a Winkler model recently developed for the dynamic and
nonlinear response analysis[

Finite element analyses of piles have been carried out by Kuhlemeyer "0868# and Krishnan et
al[ "0872# in which the piles are represented by axisymmetric elements and energy!absorbing
boundaries are used to represent the far _eld[ Considering the obvious limitations of the _nite
element method for modeling boundaries at in_nity\ these analyses represent considerable achieve!
ments in characterizing the dynamic behavior of piles[

Boundary element formulation has been used by Kaynia and Kausel "0871#[ Sen et al[ "0874#\
and Banerjee et al[ "0876# for the dynamic analysis of piles[ Boundary element method o}er
advantages over other methods primarily because of its ability to take into account the three!
dimensional e}ects of soil continuity and boundaries at in_nity[ But the major problem is the
accuracy of the numerically constructed dynamic solutions since the convergence of the semi!
in_nite integral is dependent on the frequency parameter[

In this paper\ based on the analysis of elastic continuum\ a two!parameter model for dynamic
analysis of laterally loaded piles is presented[ A numerical approach based on the Vlasov method
is introduced for the dynamic analysis of soil!pile system[ The Vlasov model has been used for the
static and dynamic analyses of plates on elastic foundations "Vlasov and Leontiev\ 0855^ Jones
and Xenophontos\ 0866^ Jones and Mazumdar\ 0879^ Scott\ 0870^ Sargand et al[\ 0876#[ Vallabhan
and Das "0877^ 0880a^b# proposed a modi_ed Vlasov model for the static analysis of beams on
elastic foundations[ Sun "0883# used the Vlasov model for the static analysis of laterally loaded
piles[ The basic ideas from Sun and Vallabhan and Das\ are adopted in this paper[ The proposed
method uses Hamilton|s principle to derive the governing equations of the pile and soil system[ A
parameter "g# associated with the characteristics of the pile\ the soil and the loading is used in this
model\ and can be determined by using an iterative procedure[ Finite di}erence method "FDM# is
used for solving the di}erential equations[ The proposed model is veri_ed against two static load
test piles and then applied to one dynamic test pile[

1[ Basic equations

The inherent assumptions in the proposed model are]

"0# The pile is vertical\ elastic\ and circular in cross section[
"1# The pile is perfectly connected to the soil[ There is no slippage or separation at the interface

of the pile and the surrounding soil[
"2# The soil is a semi!in_nite\ elastic\ homogeneous\ isotropic medium[

A typical circular pile of length L\ radius R and ~exibility EpIp is shown in Fig[ 0[ The surrounded
soil has Young|s modulus Eg and Poisson|s ratio ng[ For the soil\ vertical displacement associated
with laterally loaded pile wg\ is considered negligible and the horizontal displacements\ ug and vg

are approximated by separable functions of the cylindrical coordinate r\ u and z "Sun\ 0883#[ That
is]

ug"r\ u\ z\ t# � u"z\ t#f"r# cos u "0a#

vg"r\ u\ z\ t# � −u"z\ t#f"r# sin u "0b#
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Fig[ 0[ "a# Pile!soil system^ "b# coordinate system and displacement components[

wg"r\ u\ z\ t# � 9 "0c#

where u"z\ t# � lateral displacement of the pile^ and f"r# � dimensionless function representing
the variation of the soil displacement in the r!direction[

The potential energy of the pile and soil system is
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Based on the assumption of displacements given in eqn "0# and using stress!strain relations\ eqn
"1a# can be rewritten as]
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The kinetic energy of the pile and soil system is
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Work of non!conservative force is

Wnc � q9"t#u"o\ t#¦m9"t#
du"o\ t#

dz
"3#

Here q9"t# and m9"t# are the lateral force and bending moment\ respectively\ acting on the pile at
the ground level z � 9[

Considering Hamilton|s principle
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using the following notations]
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Collecting the coe.cients of du and d"du:dz# for 9 ¾ z ¾ L\ we get the following eqns and boundary
conditions]
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m � mp¦1prsm0 "7c#

with boundary conditions]
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For L ¾ z ³ �\ we have
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where
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cs

du
dz

du � 9 "01#

Collecting the coe.cients of df for R ¾ r ¾ �\ we have
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The solution to eqn "02# is

F"r# �
k9"gr:R#
K9"g#

"04#
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which satis_es the boundary conditions at r � R and r : �] f"R# � 0 and f"�# � 9[ K9"# denotes
the modi_ed Bessel function of the second kind of order zero[

2[ Equations and boundary conditions for steady!state harmonic loading

It is assumed that the pile is undergoing a steady!state harmonic motion[ So let

q9"t# � Q9e
iVt "05a#

m9"t# � M9e
iVt "05b#

u"z\ t# � upp"z#eiVt "9 ¾ z ¾ L# "05c#

u"z\ t# � ups"z#eiVt "L ¾ z ³ �# "05d#

where V � the circular frequency^ Q9 � the amplitude of the lateral load q"t#^ M9 � the amplitude
of the moment m9"t#^ upp"z# � the amplitude of pile displacement^ and ups"z# � the amplitude of
the soil column displacement below the pile toe[

Substitution of eqn "05# into eqn "6# gives
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with boundary conditions at z � 9[
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For clamped pile\ boundary conditions at z � L are]

upp � 9 "clamped pile# "08a#

dupp

dz
� 9 "clamped pile# "08b#

For ~oating pile\ to get the boundary conditions at z � L\ we have to solve eqn "09# at _rst[
Substitution of eqn "05# into eqn "09 gives
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where
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a1 �
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Solving the di}erential equation given in eqn "06#\ with the boundary conditions ups"�# � 9 and
ups"L# � upp"L#\ we get the following solution

ups � upp"L#e−a"z−L# "11#

So the boundary conditions for ~oating pile at z � L are
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The parameters g can be expressed in terms of upp as follows]

0
g

R1
1

�

1$Gs g
L

9 0
dupp

dz 1
1

dz¦rsV1 g
L

9

u1
pp dz%¦N

"ls¦2Gs#g
L

9

u1
pp dz¦D

"12#

where
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After a careful examination of the equations and parameters\ it can be seen that the solution of a
pile in the elastic media is controlled by the non!dimensional parameter g[ This parameter depends
on the characteristics of the pile\ the soil and the loading[ The determination of this parameter is
discussed in the following[

3[ Proposed methodology

A solution to the problem is sought by satisfying the governing di}erential equation "eqn 06#
subject to the boundary conditions speci_ed by eqns "07# and "08#[ To obtain the solution for upp

the value of the parameter g de_ned by eqn "12# is needed[ Note that g depends on upp and the
function of f"r# depends on g[ The quantities m0 and m1\ which are required to obtain upp are also
functions of g[ Since we do not know the value of g a priori\ an iterative procedure is required to
obtain its correct value[ The iterative procedure of Vallabhan and Das "0877# is employed here[
The procedure is composed of the following steps[
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"0# Assuming g � 0[9^
"1# Calculate m0 and m1 from eqn "7#^
"2# Calculate the displacement magnitude upp along the pile by solving eqn "08#\ with the boundary

conditions eqns "19#Ð"10#[ Finite di}erence method "FDM# "Desai and Christian\ 0866# is
used here^

"3# Use the results of "2# and calculate the new value of g by using eqn "14#^
"4# Use the new value of g and repeat steps 1Ð3[ Iteration is continued until the di}erence between

the ith and "i¦0#th value of g

=gi¦0−gi = ¾ 9[990 "14#

Finally\ the displacement magnitude of the pile upp and the soil displacement in the r!direction\
f"r#\ can be obtained[

A computer program was written using FORTRAN 66 on IBM PC[ Using the program\ it is
very easy to conduct the above iteration procedure[

4[ Comparisons with _eld tests

To demonstrate the validity of the proposed model\ the method is applied to calculate the
performance of _eld test piles[

4[0[ Case 0] Static load test piles

Matlock "0869# reported a _eld pile test at the area of Austin Lake[ The pile length and diameter
are respectively 01[7 and 21[3 cm[ The pile sti}ness is 2[021×093 kN m1[ The average shear strength
is 9[297 MPa[ According to Poulos and Davis "0879#\ the secant Young|s modulus Eg �"04Ð84#cu\
with an average value of 39 cu is used[ The theorectical and experimental results of the pile
displacement at the ground surface are shown in Fig[ 1[ It can be seen that the pile displacement
can be well calculated if the soil modulus is appropriately chosen in the range Es �"04Ð84#cu[

Fig[ 1[ Pile displacement at ground surface "Matlock\ 0869#[
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Fig[ 2[ Pile displacement at ground surface "Reese et al[ 0863#[

Reese et al[ "0863# reported a _eld pile test at the area of Manor\ Texas[ The pile length and
diameter are respectively 04[1 and 50[9 cm[ The pile sti}ness is 3[009×094 kN m1[ The average
shear strength is 9[004 MPa[ According to Poulos and Davis "0879#\ the soil modulus can be
chosen as 0[614Ð09[814 MPa\ with an average value of 3[5 MPa[ The theoretical and experimental
results of the pile displacement at the ground surface are shown in Fig[ 2[ It can also be seen that
the pile displacement can be well calculated if the soil modulus is appropriately chosen in the range
Es �"04Ð84#cu[

4[1[ Case 1] dynamic load test piles

El!Marsafawi et al[ "0881# reported horizontal vibration tests on a single pile[ The tests were
conducted at the pile research site at the Institute of Engineering Mechanics\ Harbin\ China[ The
cast!in!place reinforced concrete pile had a diameter of 9[21 and 6[4 m in length\ connected by a
9[2!m!deep rigid reinforced concrete cap[ The cap had a mass of 639 kg with its bottom surface
situated 9[0 m above the ground surface[ Figure 3a shows the layout of the pile and the cap[
The pile properties were evaluated as] Young|s modulus � 0[85×0909 N:m1\ and the speci_c
weight � 1[34×093 N:m2[ The soil at the site was a relatively homogenous sandy clay with yellow
and brown coloring[ The measured in situ shear wave velocity and mass density pro_les are shown
in Fig[ 3b[ The water table was 19 m below the ground surface[ Poisson|s ratio was taken as 9[2[

An exciter with two counter!rotating eccentric masses was _xed in the cap and used to produce
horizontal harmonic excitation[ The mass of the exciter was mc � 019 kg[ The center of the cap!
exciter system was 9[0 m below the cap surface[ The exciting force acted 9[1 m above the cap
surface in the Y!direction "Fig[ 3a#[ The excitation forces is given by

q9"t# �"mee#V1 cos Vt "15#
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Fig[ 3[ "a# Layout of single pile test^ "b# soil pro_le at the test site[

The experimental horizontal responses are shown as discrete points in Fig[ 4[ The normalized
response amplitude is de_ned as

Am � 0
m

mee1upp "16#

where m � the total mass of the cap!exciter system[
The comparisons of the theoretical and experimental results of the pile displacement at the

ground surface are shown in Fig[ 4[ A better prediction can be obtained when a reduced soil
modulus is used[

5[ Parametric analysis

The parameters investigated in this study are L:R\ Ep:Es\ rs:rp and n[ For the present study\
various parameters within a range of practical values are used to illustrate their in~uences on the
pile behavior[
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Fig[ 4[ Horizontal response of concrete single pile "El!Marsafawi\ 0881#[

Fig[ 5[ Nondimensional displacement of the pile at di}erent frequency[

5[0[ Frequency response of pile head

The frequency response of pile head to horizontal excitation for a pile with clamped tip at
di}erent values of Ep:Es are shown in Fig[ 5[ As expected\ with the increase of Ep:Es\ the pile
displacement increases[ It can also be seen that the resonant dimensionless frequency ao increases
as Ep:Es increases[
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Fig[ 6[ Variation of resonant dimensionless frequency with L:R at di}erent Ep:Es[

5[1[ Effects of various parameters on the pile behavior

The e}ects of slenderness ratio L:R on the resonant dimensionless frequency ao at di}erent Ep:Es

are shown in Fig[ 6[ When L:R is greater than 39\ the resonant dimensionless frequency ao is the
same whether the pile tip is clamped or ~oating[ It means that pile tip conditions have no e}ect on
the pile behavior when L:R is greater than 39[ When L:R is smaller than 39\ L:R has a great
in~uence on the resonant dimensionless frequency ao[ For a pile with clamped tip\ the resonant
dimensionless frequency ao decreases as L:R increases\ the e}ect of L:R becoming more signi_cant
as Ep:Es increases[ The resonant dimensionless frequency ao also increases as Ep:Es increases[ For
a pile with ~oating tip\ the resonant dimensionless frequency ao increases as L:R increases\ the
e}ect of L:R becoming more signi_cant as Ep:Es decreases[ The resonant dimensionless frequency
ao also increases as Ep:Es decreases[

The e}ects of soil Poisson|s ratio n on the resonant dimensionless frequency ao with rs:rp � 9[6
and Ep:Es � 0999 are shown in Fig[ 7[ The resonant dimensionless frequency ao increases as soil
Poisson|s ratio n increases whether the pile tip is clamped or ~oating[

The e}ect of rs:rp on the resonant dimensionless frequency ao with n � 9[2 and Ep:Es � 0999
are shown in Fig[ 8[ The resonant dimensionless frequency ao increases as rs:rp increases whether
the pile tip is clamped or ~oating[

6[ Summary and conclusions

An analytical approach for the determination of the response of a single cylindrical pile subjected
to lateral dynamic load is presented[ The method uses variational principle to obtain the governing
di}erential equations of the soil and the pile system[ A non!dimensional parameter g associated
with the characteristics of the pile\ the soil and the loading is used to represent the elastic foundation[
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Fig[ 7[ E}ect of soil Poisson|s ratio on resonant dimensionless frequency[

The parameter g can be determined by using an iterative procedure[ The classical _nite di}erence
method is used to solve the di}erential equations[ Analyses of two static _eld test piles show that
the pile displacement can be well calculated if the soil modulus is appropriately chosen in the range
Es �"04Ð84# cu[ Analyses of one dynamic _eld test pile shows that a better prediction can be
obtained when a reduced soil modulus is used[ However\ the discrepancy noticed in the comparison
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Fig[ 8[ E}ect of pile density on resonant dimensionless frequency[

between the analytical and experimental results is mainly due to the assumptions made in develop!
ing the analytical model[

The parametric studies with regard to frequency response of the pile head and the resonant
frequency of the pile!soil system show that]

"0# When L:R is greater than 39\ the resonant dimensionless frequency ao is the same whether the
pile tip is clamped or ~oating[
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"1# When L:R is smaller than 39\ L:R has a great in~uence on the resonant dimensionless frequency
ao[ For a pile with clamped tip\ the resonant dimensionless frequency ao decrease as L:R
increases\ the e}ect of L:R becoming more signi_cant as Ep:Es increases[ The resonant dimen!
sionless frequency ao also increases as Ep:Es increases[ For a pile ~oating tip\ the resonant
dimensionless frequency ao increases as L:R increases\ the e}ect of L:R becoming more
signi_cant as Ep:Es decreases[ The resonant dimensionless frequency ao also increases as Ep:Es

decreases[
"2# The resonant dimensionless frequency ao increases as soil Poisson|s ratio n increases whether

the pile tip is clamped or ~oating[
"3# The resonant dimensionless frequency ao increases as rs:rp increases whether the pile tip is

clamped or ~oating[
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